The development of the foundations of analysis involves the construction of the normed field of complex numbers, with the ordinary absolute value as norm, from the normed ring of integers, with the ordinary absolute value as norm, by a process of successive enlargements of algebraic systems. (By a normed ring is meant a ring A which is provided with a norm function N; that is, N is a real-valued function defined on A such that: (i) N(0) = 0 and N(x) > 0 for every nonzero x in A, (ii) N ( -x 
) = N(x) for all x in A, (iii) N(x + y) N (x) + N(y) for all x, y in A, (iv) N(xy) <Ξ N(x)N(y)
for all x, y in A.) Although some treatments of this construction create only positive numbers in the early stages of the passage from the system of natural numbers to the complex number system, such approaches could easily be modified to retain their basic features while still producing the ring of integers at the outset; thus, all such procedures essentially involve the extension of the normed ring of integers to produce the normed field of complex numbers.
One might ask what normed fields could be produced by enlarging the normed ring of integers, with the ordinary absolute value or some power thereof as norm, if no restriction whatever were placed upon the method of extension. It is shown in Theorem 3 that the only normed fields which can be thus obtained must be (continuously isomorphic to) subfields of the field of complex numbers.
Somewhat similar results are given in §4 for the situation in which the normed field of rational numbers, with a suitably "natural" norm, is enlarged to create a new normed field. For instance, the corollary of Theorem 6 indicates that if the field of rational numbers is provided with a norm which coincides with a power of the ordinary absolute value over a suitable neighborhood of zero, then every normed field which extends this normed field is (continuously isomorphic to) a subfield of the field of complex numbers. 2* Preliminaries. It is useful to recall some of the concepts which are employed in [1] and [2] . By a normed ring is meant a ring A, together with a norm N for A; the norm for a normed ring A defines a metric, and therefore a topology, for A.
If N is a norm for a ring A and c is an element of A such that N(cx) = N(c)N(x) for all x in 4 then JV is said to be homogeneous at c. A norm JV for a ring A is said to be power multiplicative at an element c of 4 provided that N(c n ) = N(c) n for every natural number n. When a norm AT for a ring A is homogeneous (power multiplicative) at every element of a subset C of A then JV is said to be homogeneous (power multiplicative) on C.
In case N and N' are norms for a ring A such that JV'(a ) <£ N(x) for all x in A then we shall write N' ^ N. The relation <£ in the set of norms for a ring A constitutes a partial ordering of that set.
An example will serve to illustrate some of these concepts. Let A be the ring of all real functions which are defined and have a continuous derivative on the closed unit interval [0, 1] . If N'(x) = sup{|a?(ί)| |0 ^ t ^ 1} and
for all a in A, then N' and iV are norms for A, with AT' ^ N. It is also easily established that N' is power multiplicative on A and that N is homogeneous at each constant function which belongs to A.
When N is a norm for a field if and c is a nonzero element of K, then for all x in if:
is a well-defined nonnegative real number for all x in A. It can be shown that the function N c is identically zero on A if and only if ΛΓ fails to be power multiplicative at c. On the other hand, if N is power multiplicative at c then N c is a norm for if, with N c ^ ΛΓ, as the following lemma indicates. (It is recalled that by a semigroup in a ring is meant a nonempty subset of that ring such that the subset is closed under multiplication.) LEMMA 
Let N be a norm for a field K, and let c be a nonzero element of K such that N is power multiplicative at c. Then N c is a norm for K such that:
(i) N c tίN, (ii) N c (c) = N(c), (iii) N c
is homogeneous at c, (iv) whenever S is a semigroup in K, with c in S, such that N is power multiplicative on S then N c is power multiplicative on S.
It is easily established that N c possesses properties (ii), (iii), (iv) of a norm, so that the set I of all x in A for which N c (x) = 0 is an ideal in the field K, and N c is therefore a norm for K. The remaining details of the proof are routine.
The lemma permits us to replace the norm N by a new norm which has properties similar to those of N and is homogeneous at c as well. It is possible to sharpen this result so that the new norm is homogeneous on an entire semigroup on which the original norm is power multiplicative. THEOREM 
Let K be a normed field with norm N, let S be a semigroup in K such that N is power multiplicative on S, and let c be a nonzero element of S. Then there exists a norm N' for K such that:
Proof. Let £tf be the set of all norms N" for K such that N" ^ N, N"(c) = N(c), N" is homogeneous at c, and N" is power multiplicative on S. Then £%f is not empty since it contains N c ; also, §ίf is partially ordered by the relation ^. It is easily shown that every totally ordered subset of £ίf has a lower bound in Jŝ o that Zorn's Lemma implies the existence of a minimal element, isr, of 3ίf.
is a minimal element of Jg^ and since N' and (N') d both belong to ^ with (N') 
is homogeneous at every element d of S, and the theorem follows.
REMARK. In order to apply Theorem 1 it is useful to have a criterion to determine when a norm for a ring is power multiplicative on a semigroup in that ring. It is easily established that a norm N 24 SILVIO AURORA for a ring A is power multiplicative on a semigroup S in A if and only if for every element x in S there is an integer n(x), with n(x) > 1, such that N(x n{x) 
.
In particular, ΛΓ is power multiplicative on S if and only if N(x 2 ) = iV(x) 2 for all a? in S>. (Any integer exponent greater than 1 could be used instead of 2 in the preceding statement.) 3* Extensions of the normed ring of integers* We are interested in normed fields which extend the ring of integers when the latter is provided with a norm which is a power of the ordinary absolute value. It will be shown that such fields are (continuously isomorphic to) subfields of the field of complex numbers. First a more general result is obtained which implies that if the ring of integers is given a norm which is power multiplicative and takes a value greater than 1 at least once then any normed field which extends this normed ring must be (continuously isomorphic to) a subfield of the field of complex numbers.
For convenience, whenever n is an integer the symbol n will be used to denote the %-fold of the unit element of the field which is under consideration. THEOREM 2. Let K be a normed field for which there is a natural number n 0 , with N(n 0 ) > 1, such that N(n 2 ) -N(n) 2 whenever n is a natural number for which n ^ n Q . Then K is continuously algebraically isomorphic to a subfield of the field (£ of complex numbers.
Proof. If S is the set of all elements n of K such that n is a natural number with n ^> n 0 , then S is a semigroup in K such that N is power multiplicative on S. Theorem 1 can be applied to the semigroup S and the element n 0 in order to obtain a norm N' for K such that N' ^ N, N'(n 0 ) = N(x 0 ) > 1, and N r is homogeneous on S. If n is an arbitrary natural number greater than 1 then there is a natural number r such that n r and n r+L both belong to S; the in-
with x = 1 we obtain iV'(l) = 1, and consequently N' is homogeneous at every "integer" in K. Thus N f is homogeneous on the prime field, P, of K. Since N'(n Q ) > 1, the restriction of N' to P is an archimedean absolute value for P; therefore Ostrowski's results [4] imply that P is algebraically isomorphic to the field of rationale (and can be identified with that field), and there is a real number s, with 0 < s ^ 1, such that N'(x) = \x\ s for all x in P. Let A be the completion of K relative to the norm N', so that A is a complete commutative normed ring with unity, and there is an obvious continuous isomorphism φ of K into A. We have in fact N"(φ(x)) = N'(x) ^ N(x) for all x in K if N" is the norm for A. The closure, JS, of φ(P) in A is the completion of φ(P) and can be identified with the completion of P. Therefore R can be identified with the field of real numbers, and we have N"(y) = \y\ s for all y in R. There is a maximal ideal M in A, and M is closed since the set of invertible elements of a complete normed ring with unity is open. Thus, AjM is a complete normed field and has its norm N given by the rule N(X) = inf {N"(x)\x eX} for all X in A/M. The natural homomorphism y of i onto A/ΛT is continuous since N(v(y)) rg N"(y) for all 2/ in A, and v(R) is therefore identifiable with the field R. Then A/M may be considered a complete commutative normed division algebra over R, where R is the field of real numbers with a power of the ordinary absolute value as its absolute value. The GelfandMazur Theorem, as it appears in [3; Chap. 6, p. 127, Th. 1] , implies that AIM is continuously isomorphic to the field of real numbers or the field of complex numbers, so that there is a continuous isomorphism ψ of A/M into the field (£ of complex numbers.
It is easily seen that the mapping ψ o v o φ is a continuous isomorphism of the field K into (£, and the theorem follows.
Note. An alternative means of stating Theorem 2 is that if the ring of integers is given a norm which is power multiplicative at every integer which is sufficiently large, and if the norm takes a value greater than 1 for at least one of those integers, then every normed field which is an extension of this normed ring must be a subfield of (£ with a topology at least as fine as its ordinary relative topology in (£.
The simplest norms which satisfy the hypothesis of Theorem 2 are those which coincide with some power of the ordinary absolute value at all natural numbers which are sufficiently large. We thus obtain the following theorem. THEOREM 3. Let K be a normed field for which there exist a natural number n 0 and a positive real number s such that N(n) = n s whenever n is a natural number with n Ξ> n 0 . Then K is continuously algebraically isomorphic to a subfield of (£.
It should be noted that s is necessarily less than or equal to 1. A special case of Theorem 3, that in which s = 1, has been given in [2; Corollary 2 of Th. 5]. Another result of some interest can be obtained as a corollary of the theorem, and has appeared in [2; Th. 6]. 
Let K be a normed field such that N(n) = nN(l) for infinitely many natural numbers n. Then K is continuously algebraically isomorphic to a subfield of (£.
The proof involves replacement of the norm N by a new norm N' defined by N'(x) = sup {N(xc)/N(e) \ c e K, c Φ 0} for all x in K.
Note. Theorem 3 implies that if the ring of integers is provided with a norm which is a power of the ordinary absolute value (or if the norm merely coincides with some power of the ordinary absolute value at integers which are sufficiently large) then every normed field which extends this normed ring must be a subfield of (£ with a topology at least as fine as its ordinary relative topology.
An interesting consequence of these results concerns normed fields which satisfy the parallelogram law.
The parallelogram law is characteristic of Euclidean distance and can hold for a normed field only if that field is continuously embeddable in the field of complex numbers. 4* Extensions of the normed field of rational numbers* The fields of the preceding section were all necessarily of infinite characteristic although the hypotheses employed in the statements of the results did not explicitly make such an assumption. We now confine our attention to fields of infinite characteristic, and the discussion is simplified by identifying the prime field of each such field with the field of rational numbers. The results of this section then indicate that if the field of rational numbers is given a norm which is "reasonable" in an appropriate sense, then every normed field which extends such a normed field must be (continuously isomorphic to) a subfield of <£.
We first obtain an analogue of Theorem 2.
THEOREM 5. Let K be a normed field of infinite characteristic for which there is a natural number n 0 , with N(l/n 0 ) < 1, such that N(l/n 2 ) = N(l/n) 2 whenever n is a natural number with n ^ n 0 . Then K is continuously algebraically isomorphic to a subfield of E.
Proof. If S is the semigroup which consists of the elements 1/n of K for which n is a natural number with n^ n 0 , then N is power multiplicative on S and we may apply Theorem 1 to S and the element l/n Q . Thus, there is a norm N' for K, with N' ^ N, such that N' is homogeneous on S and N'(l/n 0 ) -N(l/n Q ) < 1. We have N'(n 0 ) > 1 since N'(l/n 0 ) < 1. Also, whenever, n is a natural number
Thus, K with the norm N' satisfies the hypothesis of Theorem 2, and the theorem follows since K is continuously algebraically isomorphic to this normed field.
When the norm for a normed field of infinite characteristic coincides with some power of the ordinary absolute value at the reciprocals of all natural numbers which are sufficiently large, we obtain an analogue of Theorem 3. THEOREM 6. Let K be a normed field of infinite characteristic for which there exist a natural number n 0 and a positive real number s such that N(l/n) -l/n s whenever n is a natural number with n Ξ> n Q . Then K is continuously algebraically isomorphic to a subfield of (£.
COROLLARY.
Let K be a normed field of infinite characteristic for which there exist positive real numbers r Q and s such that N(r) -r s whenever r is a rational number with 0 < r < r 0 . Then K is continuously algebraically isomorphic to a subfield of (L We note that the corollary implies that if the field of rational numbers is provided with a norm which coincides with some power of the ordinary absolute value over a suitable neighborhood of zero, then every normed field which can be obtained by extending this normed field must be a subfield of (£ with a topology at least as fine as its ordinary relative topology in (£. The special case of this corollary which occurs when 5 = 1 has already been given in [2; Th. 7]. Theorems 2, 3, 5, and 6 and their corollaries identify the normed field K with a subfield of the field (£ of complex numbers, but with a topology finer than the ordinary topology inherited from (£. That the topology for K may be strictly finer than the ordinary topology is shown by taking as K the field of complex numbers with the norm N given by N(x) = max (| x |, | σ(x) |) for every complex number x, where σ is a fixed discontinuous automorphism of the field of complex numbers.
